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the students on the amount of detail they supply and on how well they
write up these problems. Some earlier possibilities are Exercises 2,3, or 8 of
Section 3.4 and Exercises 2 or 6 of Section 3.5.

3.1 Convergence

1. Let ¢ > 0. (When doing these for students, we suggest working out
the last step first in order to decide how to choose ng.)

(a) By the Archimedean Principle 3 ng € N such that ni < 4z
0
Thenn > ny =

—1-—0’=—1§S <Ee.
n

n2

1
oy
L

(b) Choose ng € N with 515 < % Then n > ng =

Sn _J_ 6 6.6,
n+2 n+2 n T ng

(c) Choose ng € N with ;3-0- < -g—g-e. Then n > ng =

n4+7 3 _ 29 <29<29 1
5n+2 5| 25n+10 25n = 25 ng

<e.

(d) Choose ng € N such that =S < i\/E Then n >ng =
o \/.?:

m+l 1 3 8 8 1 3 4
2m2+5 2| mP+10 mE-ding 213" °©
(e) Choosenoéerith;L];{e. Then n > np =
0 .
il_nﬁ_o’=’mn”|sls_1_<5
n n n " ng
1 .
(f) Choose ng € N such that«TT<s. Then n > ng =
0
n?+1 T n24+1 2 ng
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: : 1
2. lim z, =0since |z,| < ~VneEN.
N0 n

1.,1,1
3. lim z, does not exist. (Tn) ey = (1,1,5,1,—5-,1,,-7-,1,...) is fre-

N0

13
2’2
For z # 1, let U be any neighborhood of z not containing 1. Then
(Zn)pen is frequently outside of U and hence does not converge to z.
(Of course, it would be easier here to use subsequences, but we do not

cover them until Section 3.3.)

quently outside of , and so (Tn),ey does not converge to 1.

4. (a) Lete > 0. Since z, — z, Ing € Nsuchthat n > ng = |z, — 2| <
¢. By Corollary 2.1, ||z»| — |z|| £ |zn — 2| < € for n > ng. There-
fore, |z,| — |z|.

(b) Let & > 0. Since |z,| — 0, 3 ng € N such that n > ng = |z,| =
|zn] ~0] < €. Thenn > ng = |z, ~0| = |za| < &, and so
Zp — 0. '

(c) Let (Tn)neny =(-1,1,-1,1,-1,1,...).

5. First note that if z < 0, then (z,),,cny would eventually be in <§x, %x)

and hence (2n),cn Would eventually be negative. Also, see Theorem
3.3 in Section 3.2.

Case 1: z = 0. For € > 0, choose ng € N such that n > ng = z, < e
Then |\/Zz — 0| = /Zn < € for n 2 ng,, and s0 /T — 0.
Case 2: z > 0. For £ > 0, choose ng € N such that n > ng =
|zn, — | < ey/z. Then
| VZn + VT
VEn = va| = |(VEn—E) Y= e
|zn — 7]
Vet VE
|zn — 2|
vz
evz
< —'\/—-x——E

for n > ng. Therefore, \/Z, — /Z.

<
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6. This is Proposition 3.2 in Section 3.2. We believe that students will
appreciate the argument in Proposition 3.2 more for having first tried

it themselves, whether or not they are successful.

7. Both sequences are unbounded. See Exercise 6.

8. 1f r < 0, then |[r*| = |r|®* — 0 by Example 3.5. By Exerc1se 4(b),
" — 0.
) e e\n
9. (a) Since0< = <1, ( ;) — 0 by Example 3.5.

llnc

1
(b) cn=enl o =1,

1
= 0 by L’Hépital, nlmolo nr =

=3

(c) nx —enk‘" Since lim knn _
=00 71 M= CO
= 1.

1\ 2" nin (1+%) )
@ [1+ -] =e . Since

1
1 ln(l-i-;l-)
lim 2n1n(1+—) = lm ——
n 1

n—c0

= lim ______%__. (by L’Hopital)

N~ OO

1 2n 1\" 2
lowing argument: (1 + Z) = [(1 + ;) ] — € by Example
3.6.

n2 n n :
(e) For n > 4= = (n—1)(n—-2)--- 3)2)(1) s (n—1)(n-2) )

n
Hm (1 + 1) = 2. The theorems in Section 3.2 justify the fol-
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f3n n_l_ Given £ > 0, by Theorem 2.1, 3 ng € N such

thatno>-i—+3.Thenn_no=:>n—32nof—3>-&1;or,

1 .
equivalently, n > no = - < e. Therefore, n > ng = 0 <

2 2
) < - < €, and so %,— ~ 0. (Theorem 3.4 of the next
section will eliminate the latter part of this argument.)

0 2= (2)(2) () (222) <Eionz2 s o
!

nl
so does —.
nn

n

3.2 Limit Theorems

1 - 1

n
(@) n+2'1+3—’1+0"1‘
n
~1)7 7
(b) Forneven,( L'n % . 1land for n odd, (= )n-—»-—l. It follows
n+2 n+2
~1Y*n,
that lim —(-—Q— does not exist.
n—oo N+ 2

4

(c)n2+4n_1+; 140 _1

MP+5 5, 8 24+0 2
n2

(d) (3+%)2—+32=9.

| e VREVAFI -1
(©) VA-VAFT= (VA= vaT]) eI e e

So

OSI\/——MI=—\/-;L_:TF—L——W<—}E'=\/§—*\/6=O

Therefore, /7 — /7 + 1 — 0 by the Squeeze Theorem and Exer-
cise 3.1.4(b).
()

-vn2+n = Va(Va-vn+l



24 CHAPTER 3. SEQUENCES

- Tl )

-1
1+\/1+-1-
n
-1 1

- _——

1+1 2

\
2. Let (Zn)pey = ((-1)"1+1 )y = L=L1,-1,..) and let (yn)ney =
((—l)n)neN =(-1,1,-1,1,...). V€N, 2, +Yn=0,Zn Yo =-1=

‘é:.

3. Write z, (@n + Yn) + (@n = yn) and y, (z:n +Yn) — (Tn = Yn)
) = - .

By Theorem 3.2 both (a:n)ﬂeN and (Yn),en cCODVerge.

4. (%)nEN *

n < -};Vn Since :i;l — 0, %72 — 0 by the Squeeze Theorem.

6. Let B > 0 with |z,] < BVY n € N. Then 0 < |zpyn| < Blyn| — 0. By
the Squeeze Theorem, |[zpyn| — 0 and so zpy, — 0.

7. (a) Let z, = (=1)" and y, = 1 ¥n € N. Then (xnyn)nemr = (Zn) nen
does not converge.

(b) Let z, = n® and g = £ Vn € N. Then (Zn¥n)pey = (M)pey 18
unbounded and hence does not converge.

8. Let z € R. Since the irrational numbers arle dense in R, \71’n € N choose
an irrational z, € (z — %,:v+—,1;). Then - <Zp—x< p ¥n € N. By

the Squeeze Theorem, z,, —z — 0 or, equivalently, z, — z.

3.3 Subsequences

1. (a) (1,2,1,3,1,4,...) has the constant sequence (1,1,1,...) as a sub-
sequence.




